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The dynamics of elongated inertial particles in an extensional flow is studied numerically by per-
forming simulations of freely jointed bead-rod chains. The coil-stretch transition and the tumbling
instability are characterized as a function of three parameters: The Peclet number, the Stokes num-
ber and the chain length. Numerical results show that in the limit of infinite chain length, particles
are trapped in a coiled or stretched state. The coil-stretch transition is also shown to depend non-
linearly on the Stokes and Peclet number. Results also reveal that tumbling occurs close to the
coil-stretch transition and that the persistence time is a non-linear function of Stokes and Peclet
numbers.
I. INTRODUCTION
The dynamics of long, flexible and deformable particles
has attracted a lot of attention in the past few years. It
has notable consequences in various applications such as:
The paper-making industry (where the dynamics of fibers
directly impact the properties of paper, see, e.g., [1, 2]),
DNA and polymer physics (where the presence of poly-
mers in a solution can profoundly affect the rheology of
the solution [3]), biological oceanography (with the cen-
tral role played by plankton such as diatoms which form
chain-like colonies [4, 5]) or atmospheric sciences (where
non-spherical ice crystals impact particle-cloud interac-
tions [6]). The challenges associated to such complex
systems include the description of their dynamics and
conformation in complex flows as well as their effect on
rheological properties of fluids (see e.g. reviews [3, 7, 8]).
This has led to a renewed attention on the dynamics of
complex-shaped objects such as solid spheroids [9–13],
ellipsoids [14], solid helicoids [15] as well as flexible ob-
jects such as elastic dumbbells [16] or trumbbells [17, 18],
flexible fibers [19–22].
In this paper, we focus on the dynamics of elongated
and deformable particles. Recent experimental studies on
elastic filaments have revealed a complex non-linear dy-
namics characterized by coil-stretch transitions (i.e. the
shift from extended to folded conformations), tumbling
and buckling instabilities in various simple flows (such as
extensional flows [23, 24], shear flows [25]) as well as more
complex flows (such as random flows [26], chaotic flows
[27], the flow past an obstacle [28] or in a microchannel
[29]). The ability of such elongated particles to deform
under various flow conditions has also been character-
ized in numerous theoretical and numerical studies (see
e.g. [3, 7, 30–32] and references therein). In particu-
lar, the coil-stretch transition has been reproduced using
various level of descriptions for elongated particles, in-
cluding fine simulations based on the slender-body the-
ory (SBT) [7, 33] or coarse-grained models such as the
freely jointed bead-rod, bead-spring models or even sim-
ple dumbbells [31, 34]. The coil-stretch (CS) transition
and tumbling statistics have been characterized recently
using simple representations of elongated particles such
as rigid rods/spheroids [35, 36], spring dumbbells [37] or
trumbbells [17, 18]). For instance, the phenomenon of
tumbling, which is associated to elongated particles in
shear flows, has been shown to occur even in stretching-
dominated flow using a trumbbell model immersed in a
planar extensional flow [17].
Following these recent studies, the aim of the present
study is to study the CS transition and tumbling insta-
bility in the case of infinitely long particles in extensional
flows with stochastic noise. For that purpose, we focus on
freely jointed bead-rod chains where fibers are discretized
as a chain of elementary beads connected by rigid rods
(also called Kramers chains [38]). We introduce a high-
order numerical method to impose the holonomic con-
straints in the presence of a stochastic term. A similar
approach based on bead-spring chains has recently shown
that fibers are trapped in either coiled or stretched states
in the limit of infinite chain sizes and small-enough dif-
fusion [39] in linear and non-linear extensional flows. It
remains to be seen whether such conclusions remain valid
when inertial effects are taken into account and when a
bead-rod description of long particles is used. This is the
scope of the present article.
For that purpose, the dynamics of inertial fibers in a
flow is presented in Section II which provides details on
the model used for bead-rod chains (see Section II A) to-
gether with a theoretical analysis of the stationary states
(in Section II B) as well as details on the numerical im-
plementation used (see Section II C). Then, numerical
results are analyzed first for the Coil-Stretch transition
in Section III and then for fiber tumbling in Section IV.
II. MODEL AND THEORETICAL ANALYSIS
A. Dynamics of inertial fibers
1. Equation of motion for inertial fibers
a. Generic case. We consider a suspension of iner-
tial fibers embedded in an ambient flow and experiencing
a viscous drag. Each fiber is represented as a bead-rod
Kramers chain, i.e. constituted of N+1 beads connected
by N rigid bonds . Each bead labeled i has a given posi-
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2tion denoted by Xi and is maintained at a fixed distance
`K from consecutive beads in the chain (corresponding to
the Kuhn length). Each bead can undergo a free angu-
lar motion relative to its neighbors while remaining at a
fixed distance `K from them (see Fig. 1). We have fur-
ther assumed that all beads are identical with a given
mass m. Following Newton’s second law, the individual
u(x, t)
X0
XNXi
Xi 1
⇠i
`K
FIG. 1. The flexible fiber is approximated as a bead-rod
Kramers chain. The beads Xi’s are linked together by in-
finitesimal rigid rods of length `K. The orientation of the
links is given by the unitary vectors ξi = (Xi −Xi−1)/`K.
motion of each bead reads
m
d2Xi
dt2
= −ζ
[
dXi
dt
− u(Xi, t)
]
+
√
2kBT ζ ηi
+λi (Xi −Xi−1)− λi+1 (Xi+1 −Xi), (1)
The first term on the right-hand side (RHS) corresponds
to the Stokes drag of the beads with a prescribed veloc-
ity field u and ζ denotes the individual drag coefficient of
the particles. The second term on the RHS stands for the
effect of thermal fluctuations on each bead: ηi are inde-
pendent isotropic white noises, with T denoting the fluid
absolute temperature and kB the Boltzmann constant.
The third and fourth terms on the RHS accounts for the
tension (or internal forces) within a fiber: λi is thus the
tension between the i-th and the (i−1)-th beads. Unlike
spring-bead models where the tension is given by a spring
force (such as Hookean spring as in [40]), the tensions are
here time-dependent Lagrange multipliers associated to
the the holonomic constraint |Xi −Xi−1| = `K, which
implies that
d
dt
|Xi −Xi−1|2 = d
2
dt2
|Xi −Xi−1|2 = 0. (2)
Using Eq.(1), the tensions satisfy the system
0 = [Xi −Xi−1] · {ζ [u(Xi, t)− u(Xi−1, t)]
+
√
2kBT ζ [ηi − ηi−1] + 2λi (Xi −Xi−1)
− λi+1 (Xi+1 −Xi)− λi−1 (Xi−1 −Xi−2)}
+
∣∣∣∣d(Xi −Xi−1)dt
∣∣∣∣2 . (3)
b. Small fibers in an extensional flow. In the fol-
lowing, we consider that the whole fiber size is below
the smallest scale of variation of the fluid velocity field
u. In that case, the flow stretching is uniform along
the chain since all beads feel the same value ∇u of
the fluid gradient. It is then more natural to reformu-
late the dynamics in terms of the link unitary directions
ξi = (Xi −Xi−1)/`K, that is
d2ξi
dt2
= − ζ
m
[
dξi
dt
− ξi ·∇u
]
+ 2λi ξi − λi+1 ξi+1
−λi−1 ξi−1 +
√
2kBT ζ
m2`2K
(ηi − ηi−1), (4)
The λi’s are again Lagrangian multipliers associated to
the holonomic constraint (constant distance `K between
beads), this time reading |ξi| = 1.
We further assume that the fluid gradient is given by
the simple case of a 2D extensional flow: The fluid is
stretching in the horizontal direction x while it is com-
pressing in the vertical direction y (see also Fig. 1). The
velocity gradient then simplifies to:
∇u =
(
σ 0
0 −σ
)
, (5)
where σ > 0 denotes the local fluid velocity shear rate.
2. Dimensionless parameters
With the assumption that ∇u depends on a single
time scale τfluid = σ
−1, the problem depends upon three
dimensionless parameters:
• The Stokes number, which is the ratio between
the beads response time and the fluid flow timescale
St =
τbeads
τfluid
=
σm
ζ
; (6)
It measures the inertia of fibers: St  1 corre-
sponds to the case of tracers (i.e. particles following
the streamlines) while St  1 designate particles
that depart from the fluid streamlines.
• The Pe´clet number, given by the ratio between
the diffusion and the advection timescales
Pe =
τdiff
τfluid
=
σ `2K ζ
kBT
; (7)
It measures the relative importance between ther-
mal fluctuations and fluid stretching: Pe  1 sig-
nify that thermal fluctuations dominate the dynam-
ics while Pe  1 imply that the dynamics is gov-
erned by fluid stretching.
• The number of Kuhn links forming the chain
N =
L
`K
(8)
where L denotes the total length of the chain fiber.
It is a measure of the number of degree of freedom
in the chain.
33. Overdamped limit
When the relaxation time of a bead τbeads = m/ζ is
much shorter than the fluid flow timescale, the inertial
term in Eq (4) can be neglected. In this overdamped
case, the equation simplifies to:
dξi
dt
= ξi ·∇u+
√
2kBT
`2K ζ
(ηi − ηi−1)
+2λ′i ξi − λ′i+1 ξi+1 − λ′i−1 ξi−1, (9)
with λ′ the renormalized Lagrange multipliers given by
λ′ = λm/ζ. As in the inertial case, the tension forces are
calculated by imposing a constant distance between con-
secutive beads which gives the following matrix equation:
ξi · dξi
dt
= 0 (10)
In presence of stochastic forces, both systems (Eqs (3)
and (10)), need to be solved using high order methods
to avoid systematic numerical errors on the distance be-
tween beads (details on the numerical implementation
are provided in Sec. II C and in the Appendix).
4. Observables
Since we are interested in the stretching and orienta-
tion of such elongated fibers, two observables have been
retained to monitor their dynamics in an extensional flow
based on the analogy with spin systems:
• The first quantity is the fiber coarse extension along
the stretching direction, which is defined as
L(t) = 1
N
N∑
i=1
si, (11)
with si(t) = sign ξ
x
i (t). This quantity is analogous
to magnetization in spin systems.
• The second quantity is the fiber coarse orientation
along the stretching direction, which is defined as
F(t) = 1
N − 1
N−1∑
i=1
si si+1, (12)
It measures the relative orientation of consecutive
beads in the fiber and is analogous to the magnetic
energy in spin systems.
In the following, we characterize the evolution of fibers
in terms of theses two quantities and as a function of the
three parameters of the system: the number of links N ,
the Peclet number Pe and the Stokes number St.
B. Stationary states
In the absence of noise, all configurations where the
unitary link vectors ξi are aligned with the stretching
direction x are steady solutions to Eq. (4). Indeed, if we
assume that ξi = (εi, 0)
T with εi = ±1, the dynamics is
trivially stationary if the tensions satisfy
−2εi λi + εi+1 λi+1 + εi−1 λi−1 = ζ σ
m
εi, (13)
This system always admits solutions of the form
(λ1, . . . , λN )
T = (ζ σ/m)E−1 (ε1, . . . , εN )T, where E
denotes the tridiagonal matrix with elements Ei,j =
εi+1δi+1,j − 2εiδi,j + εi−1δi−1,j and whose determinant
reads detE = (−1)N (N+1) ε1 · · · εN 6= 0. These station-
ary configurations comprise the case of a fully stretched
chain for which εi = +1 for all i, as well as the alternating
folded polymer associated to εi = (−1)i. Besides these
extremes, other intermediate configurations are allowed
corresponding to partial folding of the chain.
If such stationary configurations are stable, they could
play an important role in the dynamics. For instance,
the system could become meta-stable and in presence of
noise, spend some time in those states. To evaluate the
linear stability of these various cases, let us consider that
the link vectors are of the form ξi = (εi
√
1− α2i , αi)T
with αi  1. Clearly, the perturbation of the stationary
state is order α2 in the x direction, as well as for the
tension equation (13). The dominant evolution is thus in
the y direction and reads
d2αi
dt2
= − ζ
m
[
dαi
dt
+ σ αi
]
+2λiαi−λi+1αi+1−λi−1αi−1,
which can be written in vectorial form as
d
dt
(
α
α˙
)
=M
(
α
α˙
)
,
with M =
(
ON IN
−[(ζ σ/m) IN + ∆λ] −(ζ/m) IN
)
.(14)
ON and IN denote the N×N zero and identity matrices,
respectively. We have introduced α = (α1, . . . , αN )
T,
α˙ = (dα1/dt, . . . ,dαN/dt)
T, and ∆λ the tridiagonal
matrix with elements (∆λ)i,j = λi+1δi+1,j − 2λiδi,j +
λi−1δi−1,j .
The linear stability of stationary configurations is en-
tailed in the eigenvalue µM of the matrix M which
has the largest real part. One can easily check that
for all stationary configuration obeying (13), the vec-
tor α = (ε1, . . . , εN )
T and α˙ = µα is an eigenvec-
tor associated to the eigenvalue µ if the later satisfies
µ2 + (ζ/m)µ+ 2 ζ σ/m = 0. We thus obtain the follow-
ing lower bound
RealµM ≥ σ
2 St
Real
[√
1− 8 St− 1
]
. (15)
The right-hand side has a non-monotonic behavior as a
function of the Stokes number St. We can thus expect
4some stationary states to get stabilized by a moderate in-
ertia. However these states necessarily become less stable
when St→∞. This is illustrated below.
1. The stretched line
Let us first consider the stationary state where all rods
are aligned with the stretching direction, i.e. εi = ε for
all i, with ε = ±1. Equation (13) becomes
−2λi + λi+1 + λi−1 = ζ σ/m with λ0 = λN+1 = 0,
so that the tensions read
λi = −(ζ σ/(2m)) i (N + 1− i). (16)
As can be seen from Fig. 2, this configuration is always
stable, independently of the Stokes number and the num-
ber N of Kuhn lengths in the chain. In addition, the
less stable eigenvalue µM is exactly equal in that case
to the lower bound (15) discussed above. Inertia tends
to stabilize this configuration up to St = 1/8. Above
this value, the stretched line become less stable with
RealµM = σ/(2 St).
10-2 10-1 100 101St = σm/ζ
-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0
R
ea
lµ
M
/σ Stretched line
N = 10
N = 100
N = 1000
Fully folded
N = 10
N = 100
N = 1000
FIG. 2. Real part of the most unstable eigenvalue µM (in
units of the fluid shear rate σ) as a function of the Stokes num-
ber St for the fully stretched chain (solid line, filled symbol)
and the completely folded case (dashed line, empty symbols).
The lines show the predictions (see text), while symbols are
numerical evaluations for various chain lengths, as labeled.
2. Folded polymer
A second stationary configuration of interest is the
case when the chain is completely folded in an accor-
dion shape. We have in that case εi = (−1)i, so that the
equations for the tensions become
2λi + λi+1 + λi−1 = −ζ σ/m, (17)
which yields
λi = − ζ σ
4m
[
1− (−1)i]− ζ σ
4m
i (−1)i
N + 1
[1 + (−1)N ]. (18)
This time, the associated matrix ∆λ admits zero modes.
Indeed, if without loss of generality we assume that N
is odd, the second-term in the right-hand side of (18)
vanishes and the λi alternate between −ζ σ/(2m) and
0. Any vector α with vanishing odd components belongs
to the kernel of ∆λ. As a consequence, vectors of the
form (α, µα) are eigenvectors of M associated to the
eigenvalue
µ =
σ
2 St
[√
1− 4 St− 1
]
.
As can be seen in Fig. 2, such eigenvalues correspond to
the less stable mode of this stationary configuration. As
for the stretched line, a sufficiently small inertia has a
stabilizing effect. The critical value is this time 1/4, so
that when St > 1/4, the configuration in accordion shape
is as stable as the fully stretched chain.
3. Intermediate configurations
Besides these two extreme configurations, there exists
in general a large number of possible stationary states, as
illustrated in Fig. 3 in the over-damped (St = 0) case for
N = 20. These various configurations where obtained nu-
merically by a Monte–Carlo method. The fully stretched
line (in the top-right corner) is in that case the most sta-
ble configuration with RealµM = −2σ. The fully-folded
accordion shape in the bottom-left corner is associated to
RealµM = −σ. Other stable configurations associated
to partial foldings of the chain span the bottom half of
the (F ,L) plane. We expect the fiber to explore them
in presence of noise. This will be the case during the
tumbling of the chain, as we will see later in Sec. IV.
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FIG. 3. Stable configurations of a chain with N = 20 and
St = 0 in the (F ,L) plane. The filled circles stand for the
real part of the less stable eigenvalue µM (in units of σ). Two
intermediate stable configurations are singled out at L ≈ 1/3,
F = (N −5)/(N −1), where the fiber is approximately folded
in three equal pieces, and at L = 1/5 and F ≈ 0.15, for which
the fiber alternates between stretched and folded segments.
5C. Numerical implementation
In the presence of noise, we simulate the dynamics of
fibers by integrating numerically their equation of motion
given by Eq. (4). For that purpose, we resort to an ex-
plicit first-order Euler–Maruyama method with temporal
discretization. In that case, the discretized system reads:
Vi(t+ ∆t) = Vi(t) + ∆t {−(ζ/m) [Vi(t)− ξi(t) ·∇u]
+2λi ξi(t)− λi+1 ξi+1(t)− λi−1 ξi−1(t)}
+
√
2kBT ζ
m2`2K
(∆Wi −∆Wi−1),
ξi(t+ ∆t) = ξi(t) + ∆tVi(t), (19)
where ξi is the segment labeled ’i’ and Vi = dξi/dt its
velocity, ∆t is the time step used in the simulation and
∆Wi are the increment of a two-dimensional Wiener pro-
cess over a time step ∆t.
To close the system given by Eq. (19), the holonomic
constraint |ξi(t+ ∆t)|2 = |ξi(t)|2 is used to evaluate the
tensions λi. Replacing with the discretized system, this
constraint reads:
2ξi(t) · Vi(t) + ∆t |Vi(t)|2 = 0. (20)
This matrix equation depends non-linearly on ξi(t) and
λi. As a result, there is no easy numerical resolution of
the tensions λi. However, we note that tension forces
have the same scaling as the stochastic term and it can
be written as a series expansion in powers of (∆t)1/2.
This provides a new high-order method for the numerical
simulation of bead-rod chains (further details are given
in the Appendix).
III. COILED-STRETCHED TRANSITION
A. Principle and mechanism
Fiber orientation changes constantly due to the compe-
tition between fluid stretching and thermal fluctuations.
As a result, fibers explore a wide range of states and this
leads to a broad distribution in the fiber length and ori-
entation with time. In particular, a fiber can reach two
notable states that are displayed in Fig. 4 for the over-
damped case St = 0 (together with the probability den-
sity function of the fiber extension L(t) and orientation
F(t)):
• A stretched configuration, where the fiber is ori-
ented along the fluid streamline. This state corre-
sponds to the case when Pe  1, i.e. when fluid
stretching prevails over thermal fluctuations. The
probability density function (PDF) of L(t) then dis-
plays a two-peak shape (around ±1 depending on
the orientation of the fiber with respect to the fluid
stretching). Meanwhile, the PDF of F(t) is peaked
toward 1 since all consecutive links are oriented in
the same direction.
• A coiled configuration, where the fiber is folded
several times over itself. This state occurs when
Pe 1, i.e. when thermal fluctuations are predom-
inant over fluid stretching. In that case, the PDF of
L(t) has a Gaussian distribution with a mean value
equal to 0 (coming from the random orientation of
consecutive links). In the meantime, the PDF of
F(t) exhibit a Gaussian distribution with a mean
value also equal to 0 (due again to the random ori-
entation of consecutive links).
Another way to differentiate between coiled and stretched
states is to have a look at the fiber orientation and ex-
tension in the (F ,L) plane (see Fig. 4b). Fibers in the
coiled state remain around the configuration (F ,L) ∼
(0, 0), whereas fibers in the stretched state are close to
(F ,L) ∼ (1, 1). Figure 4b also provides additional in-
formation on the nearby partially folded/unfolded states
that fibers explore. In particular, it appears that the
range of nearby states accessible depends on the rela-
tive importance of thermal fluctuations to fluid stretch-
ing. This can be understood using intuitive arguments:
Folding occurs thanks to thermal fluctuations and thus
higher noise allows for more frequent and intense fold-
ing/unfolding events.
The Coil-Stretch (CS) transition is thus controlled by
Pe, i.e. by the balance between fluid stretching and ther-
mal fluctuations. This transition has been extensively
studied in the literature since it is key to understand the
dynamics of elongated deformable particles in flows (see,
e.g., [3, 17, 18, 23, 39, 41–48]). In the following, we ana-
lyze the CS transition in the limit of very long particles
with inertial effects. For that purpose, their dynamics is
assessed in terms of the two observables (L, F) first in
the overdamped case to extract the key features before
characterizing how inertia affects these results.
B. Overdamped case
The transition from one state to another one is gov-
erned by the action of the fluid on the fiber: Coiled fibers
can be stretched when fluid stretching is strong enough
compared to thermal fluctuations, whereas stretched
fibers can become coiled if thermal fluctuations are lo-
cally predominant. As a result, fibers orientation and ex-
tension evolve with time, going through multiple states.
The transition from one state to another one is not in-
stantaneous but occurs within a finite transition time be-
fore relaxing to a steady state. This transition time de-
pends in a complex way on the Peclet number, the fiber
length and the initial state. To compare the temporal
evolution of fibers, we have characterized the fiber ex-
tension after a given time immersed in a flow (here, we
have retained a time roughly equal to 10 times the tran-
sition time). Fig 5 displays the fiber extension averaged
over several realizations of the flow 〈|L|(t)〉ens taken after
this time. Observations that can be drawn from this plot
are two-fold:
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FIG. 4. (color online) Extension and orientation of an elongated chain (N = 40) at two values of Peclet numbers showing the
chain in both the coiled state (Pe = 0.05) and the stretched state (Pe = 0.3). a) Snapshots of a fiber in the coiled and stretched
states. The insets display the histograms of L and F for both states. b)Map showing the probability of occurrence for each
discrete state in the (F ,L) plane around the coiled (hot color) and stretched state (cold color).
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FIG. 5. Fiber extension and orientation as a function of Pe
showing the sub-critical phase transition for N = 10, 20, 40.
Sub-critical phase transition visible when plotting the average
over several realizations of the flow 〈|L|〉ens. Inset showing the
average orientation over time 〈F〉t.
• First, regardless of the initial configuration
(stretched or coiled), 〈|L|〉ens is characterized by
a sudden increase when the Peclet number is in-
creased. For long fibers (here N >∼ 10), a fiber is in-
deed stretched when fluctuations are small (Pe >∼ 1)
whereas it remains in a coiled state when fluctua-
tions are large (Pe  1). Besides, the averaged
value of the fiber extension 〈|L|〉ens is proportional
to 1/
√
N at small Peclet number. This can be
explained using simple arguments: When thermal
fluctuations are predominant over fluid stretching
(Pe  1), the orientation of each elementary link
is independent of its neighbors. From the Central
Limit Theorem, the fiber extension L is converging
at large N toward a Gaussian with a zero mean
value. We thus have 〈L〉ens = 0, while its modulus
〈|L|〉ens is proportional to 1/
√
N .
• Second, there exists a conformation hysteresis for
long fibers, meaning that the transition from the
stretched state occurs at a Peclet number lower
than the transition from the coiled state. There
is thus a range of Peclet numbers where both
states are concurrently stable to small fluctuations.
This hysteresis can be interpreted as resulting from
higher internal constraints found in a stretched
fiber. We have indeed seen in Sec. II B that the ten-
sions behave quadratically in a stretched configura-
tion, while they are at best linear in a coiled fiber:
this makes it harder to start folding a stretched
fiber than to start unfolding a coiled fiber. In the
hysteresis band, both states coexist since fluctu-
ations are high enough to partially fold stretched
fibers and to partially unfold coiled ones. There-
fore, a large spectrum of fiber orientations and ex-
tensions can be reached in this range of Peclet num-
bers. This hysteresis is very similar to the hystere-
sis loop that has been observed for long polymers
or DNA molecules in a flow [3].
To further assess the effect of Pe on L and F , the
time-averaged fiber extension and orientation has been
extracted from numerical simulations when a stationary
state is reached. The inset in Fig. 5 displays the ori-
entation 〈F〉 as a function of the Peclet number Pe. It
confirms that fibers are coiled for Pe  1 and stretched
for Pe >∼ 1. It also appears that the evolution of 〈F〉
with Pe is monotonic: It decreases toward 0 when Pe de-
creases. The limit at Pe → 0 can be understood using
simple handwaving arguments: When thermal fluctua-
7tions prevails (Pe  1), the orientation of each segment
is purely random and thus the probabilities for consecu-
tive links to be either aligned or reversed is the same. As
a result, the average fiber orientation 〈F〉 is equal to 0.
It should be noted here that hysteresis is not visible since
results have been averaged over time, i.e. the dependence
on the initial conditions has been lost in the process.
Fiber orientation and extension are also affected by
its length. It appears from Fig. 5 that the CS transi-
tion becomes independent of the fiber length for suffi-
ciently large values of N . This can be be understood
using qualitative arguments: We have seen in Sec. II B 1
that the internal constraints within a stretched fiber have
a parabolic shape with a maximum value in the middle
of the fiber ∝ N2. As a result, folding around the mid-
dle of the fiber becomes harder as the fiber length N
increases but it remains possible to fold a long stretched
fiber close to its edges or close to already folded links
(where the internal constraint is smaller). Thus, when
N becomes large, the Stretched-to-Coil transition occurs
mostly through multiple folding of the fiber around its
edges or around folded links. The transition thus oc-
curs at similar values of the Peclet number as the Coiled-
to-Stretched transition, which is the exact opposite pro-
cess where multiple unfolding occurs. To further confirm
these trends, the fiber extension averaged over time 〈|L|〉t
has been characterized as a function of both N and Pe.
FIG. 6. (color online) Average fiber extension over time 〈L〉t
in the (Pe,N) plane. The red solid line corresponds to the
critical Peclet number Pe? at which the fiber extension ex-
ceeds a threshold 〈|L|〉t > L? = 0.9. This shows the existence
of an asymptotic regime for sufficiently long fibers.
Results are plotted in Fig. 6: One observes that a long
fiber (here N > 10) is usually coiled for Pe <∼ 0.1 while it
remains stretched for Pe >∼ 0.4. The transition between
the coiled and stretched states can be distinguished us-
ing a critical Peclet number Pe?, defined as the value
at which the averaged fiber extension exceeds a certain
threshold 〈|L|〉t > L?. The solid red line in Fig. 6 displays
this critical Peclet number for L? = 0.9. The CS transi-
tion has a non-trivial dependence on the fiber length: It
becomes independent of the fiber length N for sufficiently
long fibers (here N >∼ 30), but it occurs at increasing
Peclet numbers with small fibers (here 30 >∼ N >∼ 4).
C. Inertial case
We now characterize the effect of inertia on the
coil/stretch transition. Drawing on the observations
made in the overdamped case, we fix the fiber length to
N = 20 and characterize its orientation as a function of
both Pe and St. The dynamics is impacted by the inertia
of each bead. In particular, two regimes can be identi-
fied depending on whether the Stokes number is greater
or higher than 1/8. Indeed, as it was shown in Sec. II B 1
(in the absence of noise), for St < 1/8 the eigenvalues of
a stretched chain are real — see Eq. (15). Therefore, at
small Stokes numbers, the inertial dynamics can be seen
as the one of an overdamped chain in a synthetic com-
pressible flow where the effective compression rate reads
σ(1 + 2 St).
FIG. 7. Time-averaged extension 〈L〉t in the (St,Pe) plane.
The dotted vertical line shows the critical value St = 1/8.
The solid and dashed lines display the prediction Pe?(St) =
Pe?(0)/(1 + 2 St) and the asymptotic behavior Pe?(St) =
Pe?(0)/(2 St), respectively, with Pe?(0) = 0.4.
Figure 7 shows the time-averaged fiber extension 〈|L|〉t
in the (Pe,St) plane. One clearly observes that for
St < 1/8, the CS transition occurs at a critical value of
the Peclet number that is compatible with the formula
Pe?(St) = Pe?(0)/(1 + 2St) obtained using the effective
compression rate described above. Surprisingly, this be-
havior describes also what is happening for St > 1/8.
At very large Stokes numbers, the critical Peclet number
decreases as a power-law Pe?(St) ∝ St−1. This can be in-
terpreted using dimensional analysis as follows: The CS
transition results from the competition between thermal
fluctuations and fluid stretching and thus occurs when
both contributions are balanced. According to Eq. (4),
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FIG. 8. Evolution of the fiber orientation for N = 20 near the CS transition (here Pe = 0.14) in the overdamped case. a) Fiber
orientation L(t) as a function of time. Inset showing a zoom on a selected tumbling event. b) Probability of occurrence for
each discrete state over the whole simulation in the (F ,L) plane. c) Analogous to figure b but over a selected tumbling event.
this means 1/St ∼ 1/(Pe St2) and thus Pe ∼ St−1.
IV. TUMBLING
A. Principle and mechanism
Another typical feature of fiber dynamics is the exis-
tence of tumbling events. This is illustrated in Fig. 8a:
A fiber is trapped in one of the stretched configuration
with L = ±1 for a long time until a sufficiently high
fluctuation makes it tumble toward the stretched config-
uration with a reversed orientation L = ∓1. The inset
of Fig. 8a shows a focus on one of the tumbling events:
It occurs due to a favorable sequence of thermal fluctua-
tions that allows the fiber to transition from the stretched
to the coiled state, before unfolding toward the reversed
stretched configuration. This process is thus very simi-
lar to the tumbling-through-folding motion that has been
recently characterized for trumbbells [17]. It also tran-
spires from Fig. 8a that, once the coiled state is reached,
tumbling does not necessarily occur since the fiber can
unfold back toward its original state. This is what hap-
pens near t = 5000 where L departs from −1, reaches 0,
but then turns back to its earliest negative orientation.
Further information on the intermediate states ex-
plored during the tumbling event can be obtained by
studying the probability of occurrence for each discrete
state in the (F ,L) plane. This is displayed in Figs. 8b
and 8c that illustrate two features of tumbling events:
• The tumbling-through-folding concept: Fibers
spend most of the time close to the stretched states
where (F ≈ 1,L ≈ ±1) and tumbling events appear
to take place preferentially by going through a ran-
domly coiled state (F ≈ 0,L ≈ 0). This indicates
that tumbling does not correspond to a rigid flip of
the fiber.
• The signature of intermediate states: The fibers
seem to stay temporarily close to meta-stable states
that where described in the stability analysis of
Sec. II B 3. In the present case, the state where
(F ≈ 0.15,L ≈ −0.2) is rather frequent during the
tumbling transition. It corresponds to the partially
coiled configuration shown in Fig. 3.
Tumbling is defined here as the change of the fiber ex-
tension L from ±1 to the opposite value. The persistence
time τt corresponds to the time spend by a fiber in an
extended state. In that sense, τt measures the time sepa-
rating two tumbling events. As for the CS transition,
tumbling has been studied previously in various flows
[10–12, 17, 49, 50]. We characterize here the tumbling
dynamics in the case of very long fibers in terms of the
two observables (L, F) in the overdamped case first be-
fore assessing the effect of inertia on tumbling.
B. Overdamped case
As revealed by Fig. 8.a, the persistence time is dis-
tributed randomly. We have performed simulations with
the same fiber length (here N = 20) over longer times
to have sufficient tumbling events to extract the PDF of
τt. It is plotted in Fig. 9) for various values of the Peclet
number (slightly above the critical Peclet Pe? at which
the CS transition occurs). First, it can be seen that the
value of the persistence time is high, especially compared
to recent experimental data on polymer dynamics in ex-
tensional flows which measured a residency time around
6s for a shear rate of 0.86s−1. [51]. Second, the PDF
turns out to have an exponential tail for large τt, i.e.
p(τt) ∝ exp(−τt/τavgt ) with τavgt the average persistence
time. As for trumbbells in an extensional flow [17], this
trend can be predicted using the Freidlin–Wentzell large
deviation theory [52] that characterizes the mean time
required to exit from a domain due to small perturba-
tions. Regarding tumbling as a fiber escaping from an
attractor of a stochastic dynamical system in the limit of
small noise, the PDF of the exit time has an exponential
tail.
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FIG. 9. Probability density function (PDF) of the persis-
tence time for N = 20 in the overdamped case for various
values of the Peclet number (slightly above the CS transi-
tion). The dotted lines correspond to the exponential law
p(τt) = exp(−τt/τavgt )/τavgt .
Furthermore, the theory also predicts that the mean
exit time increases exponentially when the amplitude of
the noise decreases. This relates to the fact that it be-
comes harder for fibers to exit the stretched state when
the amplitude of thermal fluctuations decreases. This
trend is confirmed in Fig. 10, where the average persis-
tence time is plotted as a function of the reduced Peclet
number Pe+ = (Pe − Pe?)/Pe?. When fluctuations are
small enough (here for Pe+ > 0.1), one observes an ex-
ponential increase of 〈τt〉 with Pe+. In addition, the per-
sistence time also increases very rapidly as a function
of the chain length N (see the inset of Fig. 10). This
means that fibers are trapped in either stretched states
as N → ∞ and that there is a loss of ergodicity as the
fiber length diverges at a fixed Peclet number. A similar
ergodicity breaking has been reported for the CS tran-
sition [39]: For a fixed noise amplitude (Deborah num-
ber in the original article), the chains become kinetically
trapped either in the coiled or stretched states as their
length diverges. This has been explained theoretically
by reducing the problem to thermally activated transi-
tions over an energy barrier described by a rate theory.
The same applies here: The energy needed for a fiber
to escape from one attractor (or state) to another is pro-
portional to the chain length, since the number of links is
higher. As a result, the transition rate decays exponen-
tially with the fiber length N . From a phenomenological
point of view, this relates to the fact that tumbling re-
quires a favorable sequence of thermal fluctuations to get
out of the stretched state.
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FIG. 10. Average persistence time 〈τt〉 as a function of the
normalized Peclet number Pe+ = (Pe−Pe?)/Pe?. Inset show-
ing the evolution of the persistence time 〈τt〉 with the chain
length N .
C. Inertial case
Drawing on the numerical results obtained in the over-
damped case, we now characterize the effect of inertia on
the tumbling dynamics of fibers. In line with the previous
analysis of the CS transition including inertial effects, we
have chosen to fix the fiber length to N = 20 and to as-
sess how the tumbling dynamics evolves with both Peclet
and Stokes numbers.
The persistence time τt displays again an exponential
tail at large values (see the inset in Fig. 11). The mean
exit time is expected to increase exponentially as the am-
plitude of the noise decreases for a given value of the
Stokes number. This is confirmed in Fig. 11) that dis-
plays the evolution of the persistence time as a function
of the reduced Peclet number Pe+ for three values of the
Stokes number (resp. 0.1, 0.5 and 2). Besides, it also
appears from Fig. 11 that the persistence time increases
with the Stokes number and that two regimes can be
identified:
• Close to the CS transition (Pe+ <∼ 0.1), the persis-
tence time increases linearly with the Stokes num-
ber and all curves collapse on a single master curve
when plotting τt/St as a function of the reduced
Peclet Pe+;
• At larger Peclet numbers (Pe+ >∼ 0.1), different
behaviors are displayed by the two families of par-
ticles. Low-inertia particles (St < 1/8) appear in-
deed to tumble at a higher rate than high-inertia
particles (St > 1/8).
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FIG. 11. Average persistence time 〈τt〉 as a function of the
normalized Peclet number Pe+ = (Pe− Pe?)/Pe? for various
Stokes number (N = 20).
V. CONCLUDING REMARKS
The dynamics of inertial deformable chains has been
explored in the case of an extensional flow. In particular,
we have assessed the role of the Peclet number, Stokes
number and chain length on the Coil-Stretch transition
and tumbling phenomena. Numerical results have con-
firmed the conformation hysteresis between coiled and
stretched states for sufficiently long fibers (N >∼ 10).
It has also been seen that this transition depends non-
linearly on these three parameters: It becomes indepen-
dent of the chain length N for sufficiently long fibers
(N >∼ 20− 30), while it evolves proportionally to 1/(1 +
2St) at a given fiber size. Similarly, tumbling events have
been confirmed in the case of an extensional flow close
to the Coil-Stretch transition. Numerical results support
recent simulations, which showed a loss of ergodicity as
the chain length goes to infinity (meaning that fibers are
kinetically trapped in either coiled or stretched states).
The persistence time has also been shown to increase
exponentially with the chain length and Peclet number,
while it increases non-linearly with the Stokes number.
These promising results on the dynamics of inertial
chains in an extensional flow call for further refinements
and developments. In particular, it is worth assessing
how 3D simulations affect these results and to see if re-
cent results showing a higher tendency for trumbbells to
remain in the stretched state in 3D cases than in 2D
cases are confirmed. The next step will be to investigate
the role of fiber flexibility on the coil-stretch transition
and on tumbling dynamics. Another question remains to
be explored: What is happening when fluctuations are
triggered by the flow itself rather than by noise. This is-
sue will be investigated by coupling the dynamics of such
fibers with turbulent velocity gradients (coming directly
from direct numerical simulations). The role of fluctua-
tions both in the intensity of the velocity gradient and
in its direction will be explored. In the general context
of fibers in turbulent flows, further studies are needed to
evaluate the effect of preferential sampling and preferen-
tial concentration of such fibers in the near-wall region
especially in the case of highly elongated and deformable
fibers. These issues will be probed in future studies by
coupling the dynamics of such fibers with direct simula-
tions of wall-bounded turbulent flows.
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Appendix A: Appendix
1. Appendix 1: implementation in the general case
In the following, we focus on the numerical implemen-
tation of the fiber equation of motion in an extensional
flow. In that case, it is given by Eq. 4 which can be
re-written as:
dξi
dt
= Vi (A1)
dVi
dt
= − ζ
m
[Vi − ξi ·∇u] +
√
2kBT ζ
m2`2K
(ηi − ηi−1)
+2λi ξi − λi+1 ξi+1 − λi−1 ξi−1, (A2)
This equation is solved using a simple first order Euler–
Maruyama method with temporal discretization (time
step ∆t):
Vi(t+ ∆t) = Vi(t) + δVi(t)
ξi(t+ ∆t) = ξi(t) + ∆tVi(t) (A3)
with the variation of the bead velocity given by:
δVi(t) = −∆t ζ
m
[Vi(t)− ξi(t) ·∇u]
+
√
∆tKBr(γi − γi−1)−∆t (∆ξ λ)i (A4)
with KBr =
√
2kBT ζ/(m`K) the diffusion coefficient for
Brownian motion, γi taken from a Gaussian distribution
(with zero mean and a standard deviation equal to 1), λ
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denotes the N -dimensional vector (λ1, . . . , λN )
T, and ∆ξ
is such that (∆ξ λ)i = −2λiξi + λi−1ξi−1 + λi+1ξi+1.
The tension forces acting on each rigid segment is ob-
tained by imposing a constant distance between consec-
utive beads |ξi(t+ ∆t)|2 = |ξi(t)|2 for all 1 ≤ i ≤ N .
Using Eq. (A3), this leads to
2ξi(t)·Vi(t) + ∆t |Vi(t)|2 = 0. (A5)
By writing the above equation at time t+ ∆t, we obtain
2 ∆t |Vi(t)|2 + 2 ξi(t)· δVi(t)
+4 ∆tVi(t)· δVi(t) + ∆t |δVi(t)|2= 0 (A6)
The above non-linearities does not allow for writing an
explicit solution. Yet, one can note that the terms on the
left-hand side involve various powers of the time step ∆t.
For that reason, we chose to decompose the tensions λi
as series in powers of
√
∆t, i.e.
∆tλ =
∞∑
k=1
λ(k) ∆tk/2. (A7)
The series starts with terms O(√∆t) to account for the
tension that balances the noise. We can then identify
each contribution to obtain a set of equations for each
term:
• Terms in ∆t1/2:
ξi· (∆ξλ(1))i = KBr ξi· (γi − γi−1).
• Terms in ∆t
ξi· (∆ξλ(2))i = |Vi|2 − ζ
m
ξi· (Vi − ξi ·∇u) .
• Terms in ∆t3/2
ξi· (∆ξλ(3))i = 2Vi·
[
KBr (γi − γi−1)− (∆ξλ(1))i
]
.
• Terms in ∆t2
ξi· (∆ξλ(4))i = 2Vi·
[
− ζ
m
ξi· (Vi − ξi ·∇u)− (∆ξλ(2))i
]
+
1
2
∣∣∣KBr (γi − γi−1)− (∆ξλ(1))i∣∣∣2 .
The above expansion can be continued to reach an ar-
bitrary precision. In practice, we stop at a given or-
der and use the corresponding approximation of the ten-
sions to update the fiber velocity. In the paper, we used
the expansion to order ∆t. The terms order ∆t3/2 are
stochastic with a zero mean, so that the error is in aver-
age O(∆t2).
2. Appendix 2: implementation for small fibers
In the case of fibers composed of beads that act as
tracers in the flow, the equation of motion simplifies to:
dξi
dt
= ξi ·∇u+
√
2kBT
`2K ζ
(ηi − ηi−1)
+2λ′i ξi − λ′i+1 ξi+1 − λ′i−1 ξi−1, (A8)
with λ′ = λm/ζ. This equation is solved using a first
order Euler–Maruyama method with time step ∆t:
ξi(t+ ∆t) = ξi(t) + δξi(t) (A9)
with the variation of the bead position δξi(t) given by:
δξi(t) =∆t ξi(t) ·∇u+
√
∆tK ′Br(γi − γi−1)
−∆t (∆ξ λ′)i (A10)
with K ′Br =
√
(2kBT )/ (ζ `2K) the diffusion coefficient for
Brownian motion, the γi’s taken from a Gaussian distri-
bution (with zero mean and a standard deviation 1).
The tension forces acting on each rigid segment are
obtained by imposing a constant distance between con-
secutive beads, i.e. |ξi(t+ ∆t)|2 = |ξi(t)|2, leading to
2ξi(t)· δξi(t) + |δξi(t)|2 = 0 (A11)
As in the inertial case, we decompose the tensions λ′i as
∆tλ′ =
∞∑
k=1
λ′(k) ∆tk/2, (A12)
and identify contributions of different orders in ∆t1/2:
• Terms in ∆t1/2:
ξi· (∆ξ λ′(1))i = K ′Br ξi· (γi − γi−1).
• Terms in ∆t:
ξi· (∆ξ λ′(2))i = ξi· (ξi·∇u)−K ′Br(γi − γi−1)· (∆ξ λ′(1))i
+
1
2
|K ′Br(γi − γi−1)|2 +
1
2
∣∣∣(∆ξ λ′(1))i∣∣∣2 .
• Terms in ∆t3/2
ξi· (∆ξ λ′(3))i =
(
ξi·∇u− (∆ξ λ′(2))i
)
·
(
K ′Br(γi − γi−1)− (∆ξ λ′(1))i
)
.
• Terms in ∆t2
ξi· (∆ξ λ′(4))i = − (ξi·∇u) · (∆ξ λ′(2))i(
(∆ξ λ
′(1))i −K ′Br(γi − γi−1)
)
· (∆ξ λ′(3))i
+
1
2
|ξi·∇u|2 + 1
2
∣∣∣(∆ξ λ′(2))i∣∣∣2 .
The above approximation, with terms up to those of or-
der ∆t2, is used in the paper.
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